In this work, we generalize the original Nash theory of gravity by adding the matter fields.
concede such an expansion. These include cosmic microwave background (CMB) radiation [3] , large scale structure [4] , baryon acoustic oscillations (BAO) [5] as well as weak lensing [6] .
Regarding the late-time cosmic expansion, there are several possible explanations, to date. Intuitively, the first one is the introduction of the dark energy component in the universe [7] . Unfortunately, the dark energy sector of the universe still remains an open question. In addition, the second scenario is to interpret this unknown phenomenon by utilizing a purely geometrical picture. The latter is well known as the modified theory of gravity. Interestingly, modified theories of gravity have received more attraction lately due to numerous motivations ranging from high-energy physics, cosmology and astrophysics [8] .
The f (R) gravity constitutes one of the simple versions of such modification. Several version of f (R) gravity have been proposed and investigated so far; for example Refs. [9] . Here the Lagrangian density is an arbitrary function of the scalar curvature, R. For more details, see comprehensive reviewed articles on f (R) theories [10] . Note that the first model that can describe cosmic inflation was proposed by Starobinsky [11] . Notice that the modified f (R) gravity gives good explanation for the cosmic acceleration without invoking the dark energy component implied from the cosmological data. Among numerous alternatives, Nash developed a modified theory of gravity for empty space by employing higher-derivatives instead of the usual Einstein-Hilbert action [12] . There are few number of papers about this interesting theory which was rarely investigated in literatures [13] - [15] .
In this work, we anticipate to generalize the Nash theory by adding the matter fields in the original action. We specify a proper form of the field equations on more general footings for space with matter contents. In Sec.(II), we generalize the Nash theory of gravity by including the matter field in the original action. In addition, we derive the equations of motion in the flat FLRW spacetime and examine the behaviors of the solutions by invoking specific forms of the Hubble parameter. We also classify the physical behaviors of the solutions by employing the stability analysis. In Sec.(III), we check the consistency of the model by considering cosmological parameters, e.g., the Hubble parameter H, deceleration parameter q, and Om(z) parameter. In Sec.(IV), we further use observational data from Supernovae Ia (SNeIa) and baryonic acoustic oscillations (BAO) to constrain the parameters of the model. Finally, we conclude our findings in the last section.
II. NASH GRAVITY WITH MATTER CONTENTS
J. Nash has actively worked in different fields of applied and pure Mathematics. Moreover, his contributions to physics have been recognized from differential geometry, for example the problem of the compactification in Riemanninan geometry as well as the non Riemannian one. In addition, he has worked on the gauge theories for gravity to figure out alternative forms of the Einstein general relativity (GR) as well as to study their implications on gravitational wave physics. Likewise, he has also proposed nonlinear theories where the action is composed of second order curvature scalar sectors as well as some topological terms very similar to the Gauss-Bonnet theory. As an alternative theory of gravity, he developed a theory of modified gravity [12] by employing higher-derivatives and without the usual Einstein-Hilbert action. However, originally this theory aimed at solving field equations for empty space. A significant feature of his theory is that the scalar curvature term R in four dimensional Riemanninan manifold of spacetime satisfies wave equation. If one pass to the linear regime, it is possible to probably observe gravitational waves in a natural form by adopting a suitable gauge frame.
We in the present work are going to generalize his work by adding the matter fields in the original Nash theory. Our modified action takes the following form:
where R µν and R are the Ricci tensor and Ricci (curvature) scalar, respectively, while g is the determinant of the background metric tensor, g µν and κ 2 ≡ 8πG. Here we have added the matter field sector, S matter , to the original Nash action. It is remarked that the general class of Lagrangians including the one without matter written above has been considered to be of interest in attempting to develop theories of quantum gravity. Using the above action, gravitational field equations are directly derived by taking into account the metric g µν as a dynamical field to yield
where
δSmatter δg µν . If we consider the trace of the equation of motion (EoM) given in Eq. (2) , we obtain:
where T ≡ T µ µ is the trace of the energy momentum tensor for matter action S matter . We assume that there exist a classical Einstein metric satisfying the vacuum field equation G µν = 0. Using Eq. (3) we conclude that it solves Nash gravity as well. Consequently any vacuum Einstein metric is also a solution to Nash gravity. In this sense any asymptotic flat rotating metric (Kerr metric) is also solution to the Nash theory. In case of the cosmological constant it needs a sign reversion in the original action
Nevertheless, it should be noted that this theory contains higher-order time derivative in the equations of motion. In a quantum version, higher-derivative interactions result (ghost) fields with negative norm yielding negative probabilities and possibly a breakdown in unitarity. In some cases, the higherorder time derivative in the equations of motion can be reduced to the second order in which such stability can be solved, see e.g., [16, 17] . However, in the present work, investigating classical aspects of Nash's theory with matter content in the cosmological background is our main objective.
A. A flat FLRW geometry
The geometry compatible with the homogeneous and isotropic universe is the Friedmann-LemaitreRobertson-Walker (FLRW) space-time with the corresponding line element:
where we have expressed the spatial section in terms of spherical coordinates, (r, θ, φ). The constant k encodes the curvature of the space-time, with k = 0 corresponding to flat (Euclidean) spatial sections, and k = ±1 corresponding to positive and negative curvatures, respectively. Here we define the Hubble
The energy-momentum tensor of the matter contents is given in the following form:
where i = {dark energy, dark matter, radiation} := {de, dm, r}. Here if we define a new parameter such that ζ = H 1/2 , we obtain equations of motion (EoMs) in the flat FLRW space-time:
Notice that the solutions of Eqs. (6) and (7) are investigated in Ref. [13] for empty space. Moreover, by substituting Eq.(6) into Eq. (7), we find the following equation:
which is the so-called "continuity equation". Note that in spite of the continuity equation in GR, this is a nonlocal equation in which the integration of ρ is primarily required in order to quantify ρ. In the section below, we examine in more details this equation and aim to transform it into an ordinary differential equation rather than the integro-differential equation.
B. The collision term and effective energy density action Notice in Eq. (8) that there is a term in which ρ i couples with ρ j , i.e., i j ρ i (t) t ρ j (t )dt . It will drastically influence dynamics in cosmological behaviors. We use a new re-parametrized time coordinate τ ≡ t H −1/2 (t )dt to rewrite the continuity equation to yield
Supposing p tot = p(ρ tot ), we can rewrite the above continuity equation in terms of the total energy density to obtain:
In the equivalent form (ρ tot ≡ ρ, p(ρ) ≡ f (ρ)), it turns out to yield the following differential equation:
Notice that Eq. (11) is a nonlinear second order differential equation for the energy density ρ in which the solution depends on the time evolution of the cosmological background depending on H(τ ). There is no any simple way to figure out the energy density profile except a reconstruction scheme. Here we will assume a form for the Hubble parameter allowing to integrate Eq. (11) analytically. Let us compare new continuity equation given in Eq.(11) with the one in Einstein relativity such that
Note that we use the same fluid model as p = f (ρ) in the Einstein gravity to compare with our Nash case. It is worth mentioning here that the continuity equation Eq.(11) is a second-other differential equation instead of the first order one. The reason is that Nash gravity is constructed from the scalar curvature squared terms instead of the Ricci scalar. As a result, the continuity equation resulting from the Bianchi identity applied to the left-hand side of the modified Einstein field equation leads to a second order differential equation rather than first order one.
It is intuitive to derive an effective action for the matter content density in which the density function ρ governs the EoM given in Eq. (11) . Referring to the Euler-Lagrange equation, we conclude from Eq.(11) that there should be an effective conjugate momentum p ρ corresponding to the density function ρ which is derived from an effective Lagrangian L ρ such that
A possible potential function can be deduced to write
Note that in order to explicitly quantify the potential it is needed to specify the functional form of the Hubble parameter and energy density. Hence, we propose the following irregular effective action of the
Note that varying the above effective action with respect to the energy density ρ gives us the irregular continuity equation present in Eq.(11). We expect that there are some physically important results related to the effective action given above. However, we will leave these interesting for our future work.
C. De Sitter like expansion and energy density profile
It is illustrative to show how the solution looks like when the Universe is dominated by barotropic fluid p = wρ and when H(τ ) ≈ H 0 de sitter like epoch. In this general case, we discover the following solution for vacuum energy density from Eq. (11) ,
Here ρ 0 , τ 0 , H 0 are integration constants and we set H 0 = 1. In Fig. (1), we plot this barotropic energy density for different values of the present energy density, ρ 0 . Note that in late time when τ → ∞ we find ρ(τ ) → 0 which means that the Universe has an empty energy density. Remarkably, we observe that the total energy density both in early and late time Universe vanishes and the whole cosmological background undergoes a de Sitter expansion from vacuum to a future vacuum cosmological constant dominated epoch.
Although the total energy density vanishes at early (and late) times, there is no need to have a pure vacuum. Let us clarify this very carefully. At very early time, the universe has radiation as dominant energy density which in a classical Einstein-Hilbert action is governed by ρ r ∼ a(t) −4 . In our cosmological model, we need to assume that there are other types of matter contents. For example,
we have a type of primary tachyonic field ψ with energy density given by ρ ψ ∼ −ρ r in which this equal sized energy content is balanced with radiation field maintaining the vanishing total energy density at time τ → −∞. However, this possible form of energy content violated the null energy condition.
We can suppose that it can be generated by a wormhole source at early universe. As a result we can predict the existence of a primary wormhole in a similar form as primary black holes. Unfortunately we are not able to probe the form of this type of the tachyonic matter. Since the total pressure is governed by a barotropic equation of state, we can just conclude that the tachyonic matter is also a barotropic exotic fluid. The energy density continuity equation given in Eq. (11) is nonlinear and highly coupled to the Hubble parameter H. To make it integrable, we should not only know the initial energy density profile at very early times, but also we need to know how Hubble parameter evolves with respect to the density. An easy case and physically remarkable situation is when we suppose that H = H 0 ρ 2 . Using this assumption we can integrate Eq.(11) and find 2 :
This is a Gaussian density profile plotted in Fig.(3) . We observe that for very early times, when τ → −∞, ρ(τ ) → 0 as well as late time when τ → ∞. Interestingly, we also observe a maximum of energy density at a certain time. Note that this form of energy density has a same physics as the one obtained in Eq. (16) . Although in this model the universe didn't evolve exponentially, and the total Hubble scale factor is not de Sitter. Still the Universe will start from a vacuum at very early times and comes to an end to vacuum.
Notice that in this scenario the evolution form of the universe is Gaussian, and only at an instant of time namely τ m , it reaches the maximum of energy density and hence the minimum of the Hubble scale. This time scale corresponds to an unstable point in the cosmic time, implying that the energy density reaches its maximum as an unstable transition point. Then the system suddenly undergoes a very sharp phase transition from maximum energy content to the vacuum. In our new scenario, the Universe starts from de Sitter (supporting the idea of de Sitter inflationary era), followed by the matter rich content epoch as an unstable time, and then transits to the late time cosmological constant dominated epoch.
The plot shows the time evolution of the energy density ρ(τ ) with three different values of ρ 0 . Notice that at late time the energy energy tends to zero. In this scenario the universe initiated from an almost de-Sitter epoch , where the dominated energy density was very low and after a time interval, the universe reaches the maximum amount of the energy at a turning point, where the phase changed from deceleration to the acceleration. At the late time the dominant energy content is cosmological constant and the energy density decreases. Note that in this scenario the cosmological constant is not fine tuned. There is an effective cosmological constant which mimics the background cosmological evolution. An existence of a non fine tuned unique cosmological constant is due to the renormalizable quantum version of Nash gravity and the appearance of higher order curvature terms.
Now we can find Hubble parameter in terms of the τ as cosmic time:
Note that we will examine this model with observational data in section (IV). For this purpose, it is adequate to rewrite it in terms of the redshift 1 + z = 1 a(τ ) (we suppose that a(τ = 0) = a 0 ≡ 1 for simplicity), where a(τ ) = exp{ τ H(τ )dτ }. We know that
is the "imaginary error function" defined by erfi(y) = −i erf(iy). Using this formula we obtain:
Consequently, we can write the redshift z in terms of time τ as:
Using the above expression, we can solve it to obtain τ written in terms of the redshift z:
Here we have used the relation erfi(z) = −i erf(iz) and erf(z)
the confluent hypergeometric function of the first kind. Using τ given in Eq. (23) we can express the Hubble parameter in terms of the redshift, H = H(z). Therefore, we write 
E. Exact Nash cosmology for almost uniform total energy density
Let us first start by considering Eq.(6) and figure out its solution. Suppose that an arbitrary form of total energy density is given by ρ tot (t) ≡ i ρ i . Using Eq.(6) we obtain:
Using a standard method, we can simply solve the above nonlinear equation by changing a variable such that ζ → ψ = ζ −2 , and the exact solution for the above matter contents when t ρ tot (t )dt ≈ constant = ρ 0 > 0 takes the form:
Apart from the condition t ρ tot (t )dt ≈ constant = ρ 0 > 0, we can not figure out any exact solution of the above nonlinear differential equation. The time-evolution of the solution ζ(t) given in Eq. (26) is illustrated in Fig.(4) . It can be attributed In the previous subsection, we can only obtain the exact solution for ζ in the case of uniform total matter density. However, it is also possible to figure out exact solutions if we use the scale factor representation of this equation. Specially using the reconstruction technique we first suppose that
. This is a standard form of the energy density written in terms of the scale factor. Here w is the equation of state parameter (EoS). In the barotrooic fluid manner, the EoS is parametrized by p = wρ responsible for a time evolution. Therefore, the EoM in Eq.(6) can be recast as follows:ä
The above equation can be analytically solved to obtaiñ
where c 1 is a constant and 2 F 1 (1, a 1 ; b | c) is the hyper-geometric function with a 1 = (8 − 3w)/(6 − 9w), b = 2/(2 − 3w) and c = (3a 2−3wρ 0 )/(3w − 2)c 1 . Furthermore, t 0 denotes the initial time,ω is an integration constant which can be interpreted as a frequency of oscillation.
G. Perturbation analysis of energy density via Hartman-Grobman & Lyapunov linearizion theorems
In any linear system, we classify physical behaviors of any fixed point by using the eigenvalues of the matrix constructed from a n-dimensional differential equation. However, the situation has dramatically changed when working in the nonlinear one. In the latter, the behavior of the system is more difficult to handle. Fortunately, we can transform the nonlinear differential system to a linear one. In doing so, we find the Jacobian matrix, J , corresponding to the system and evaluate it at the fixed point.
As a result, regarding the Hartman-Grobman theorem, we obtain a linear system with a characteristic coefficient matrix. Let's consider a differential equation (DE):
where N plays the role of time and X is a vector field. If a is an equilibrium point f ( a) = 0, the linear approximation of f ( X) at a yields
is the derivative (Jacobian) metrix of f . Therefore, with the given X = f ( X), we associate the linear
where U = X − a, called the linearization of the DE at the equilibrium point a. It is worth noting that the solutions of Eq.(31) will approximate the solutions of the nonlinear DE in a neighborhood of the equilibrium point a provided that the equilibrium point is hyperbolic. This means that all eigenvalues (λ i ) of Df ( a) have non-zero real part, e(λ i ) = 0.
Now we are going to quantify the stability of the fixed points obtained from Eq.(11) by using the above linearization. Consider the EoM for the total energy density given in Eq.(11). We then transform it to the second-order differential equation to obtain
where the dot denote derivatives with respect to τ . Specifically, the above DE is nonlinear. In order to figure out its solutions, we use the following change of the variables:
Here
dρ . This in a non autonomous dynamical system describing a continuous-time nonlinear density ρ. In the language of the dynamical systems, ρ(τ ) is the state of the system and we can treat the Hubble H(τ ) as the control input. Note that the left hand side of the Eq. (34) is a Lipschitz or continuously differentiable nonlinear function. A standard way to study the time evolution of the density function is to investigate the trajectory φ t (ρ 0 ) where ρ 0 ≡ ρ(τ = 0) is the initial density profile.
Using the Hartman-Grobman linearizion theorem, we find that the fixed points for the system are located at P = (X c = 0, ρ c = (→ 0)), and the corresponding Jacobian matrix reads
To ensure stable solutions, it is enough to set all eigenvalues of the Jacobian matrix so that λ i satisfies Re(λ i ) = 0. Therefore in our case, we find
Note that when → 0 we have (if f (0) > 0):
So the system is unstable under density perturbations.
Moreover, there is the following important alternative theorem to study stability of the above non-autonomous system: Lyapunov theorem. Regarding the Lyapunov theorem for nonautonomous dynamical systems [18] , we see that the system of Eqs. • a: V (X c , ρ c , τ 0 ) = 0,
• c: α X 2 + ρ 2 ≤ V (X, ρ, τ ) ≤ β X 2 + ρ 2 , and
Now we need to quantify a suitable form for V . Note that from the above conditions, we find
A suitable Lyapunov function for a set of parameters {α, β, γ} is given as the following:
Notice that it violates condition (d) at point P = (X c = 0, ρ c = (→ 0)). As a result the density equation is globally, uniformly and asymptotically unstable. This instability ensures the cosmological phase transitions during cosmic epochs.
H. Poincare portrait for (ρ,ρ) and energy conditions
In this subsection, we aim to quantify the phase of (ρ,ρ) and examine the relation between continuity equation and energy conditions. We also explain the possible phase of the matter in Nash gravitational theory. In so doing, we first explain the main idea of the continuity equation which obeys Eq. (12).
Having assumed that the matter is isotropic, it is worth noting that the energy-momentum tensor components, energy density ρ and pressure p should satisfy the following well known energy conditions [19] summarized in Table (I): 
The above energy conditions are defined as a set of inequalities from a purely geometrical point of view [20] and are widely used in many different types of modified gravity theories, e.g., f (R) theory [21] , f (T ) theory [22] , Gauss-Bonet theory [23] and other interesting models. Note here that the violation of the NEC violates all other energy conditions. Regarding the continuity equation in GR, if the WEC holds, then the only possibility is that H < 0 meaning that the cosmological background is in the deceleration phase. Furthermore, if we have NEC, then for an accelerating universe it implies that dρ/dτ < 0. In addition, if DEC holds, then the only possibility is to have a decelerating behavior.
In the traversable wormhole scenarios, the NEC is violated. If we require a wormhole to be located in the accelerating universe, we need to have dρ/dτ < 0. In our Nash gravity case, note that if dρ/dτ < 0, from Eq. (11) and if ρ > 0, necessarily we will have
The above inequality with the condition ρ > 0 implies that
Consider the phase portraits of ρ −ρ displayed in Fig.(5) . In our case, we need to considerρ(τ 0 ) > 0 to have a compact phase space. were predicted before in Ref. [24] . However, our Poincaré phase portrait demonstrates a different point of view. 
III. OM DIAGNOSTIC ANALYSIS
Commonly the cosmological parameters like the Hubble parameter H, deceleration parameter q, and the equation of state (EoS) parameter ω are importance on checking the consistency of a particular model. However, H and q are not adequate in differentiating among dark energy models. This is so since any dark energy models can generate a positive Hubble parameter and a negative deceleration parameter, i.e., H > 0 and q < 0, for the present cosmological epoch. Therefore, higher-order time derivatives of the scale factor a(t) is required to analyse the dark energy models [25, 26] .
Let's consider the first parameter, called the deceleration parameter q(t), which is defined in terms of the Hubble parameter via:
where in order to transform q(t) into q(τ ), we have used dH/dt = H −1/2 dH/dτ . Regarding our solution given in Eq. (19), we obtain from the above relation: The behavior of the deceleration parameter q(τ ) can be clearly displayed in Fig.(6) . Notice that the behavior of the deceleration parameter at very early time depends on t 0 . Specifically, if we choose t 0 < 2 we find the positivity of the deceleration parameter at very early time. However, we clearly discover that the deceleration parameter is always negative at late time.
Other physical quantities are the statefinder parameters {r, s} defined in terms of the Hubble parameters as follow:
In terms of τ , they become
Substituting the Hubble parameter Eq.(19) into the above expressions, we find
where we have used κ = 1 and H 0 = 1 and defined new parameters M (τ ) and N (τ ) as the following
We can write τ = τ (s) by solving Eq.(48) and substituting t(r) back into Eq.(47). Therefore we can obtain r in terms of s, i.e., r = r(s). Note that the statefinder parameters {r, s} = {1, 0} represents the point where the flat ΛCDM model exists in the r − s plane [27] . Therefore the departure of dark energy models from this fixed point can be used to obtain the distance of these models from the flat ΛCDM model. This allows us to display the statefinder parameters as shown in Fig.(7) . Here we found two solutions in which the first one displays the existence of the ΛCDM model.
FIG. 7:
The plot shows the statefinder parameters in the r − s plane. We notice that our model develops (r, s) = (1, 0) for τ 0 = 2/3 which displays the point where the flat ΛCDM model exists. Here we used ρ 0 = 1.
Notice that above physical quantities, e.g. the statefinder parameters, are parametrized by higherorder time derivatives of the scale factor. However, another diagnostic parameter depends only on the first order temporal derivative of the scale factor can also be used to constrain the model. This is so-called the Om analysis [28] . This parameter only involves to the Hubble parameter. This has also been applied to some interesting models, e.g. Galileons models [29] . The Om analysis is defined in terms of the Hubble parameter via
where Om(z) is a function depending only on the redshift, z. Moreover, this can be parametrized further when having a constant equation of state (EoS) parameter ω, and in this case we can write
It is worth noting that we have different values of Om(z) = Ω m0 for the ΛCDM model, quintessence, and phantom cosmological models. The redshift dependence of the Om(z) parameter is displayed in Fig.(8) . 
IV. OBSERVATIONAL CONSTRAINTS
In this section, we use observational data from Supernovae Ia (SNeIa) and baryonic acoustic oscillations (BAO) to constrain parameters of the models. Consider the total χ 2 for joint data set. Here we employ
where the χ 2 i for each set of data have to be evaluated. In order to determine the parameter, we need the luminosity distance D L (z) parameter. Such parameter is defined in terms of the Hubble parameter and the redshift as:
We consider the distance modulus µ defined by
where m and M are defined as the apparent and absolute magnitudes of the Supernovae. Here µ 0 = 5 log
Mpc + 25 is a nuisance parameter which will be marginalized. What we are going to do is to estimate the luminosity and distance modulus for our theoretical model given in Eq. (19) . Plugging the Hubble parameter given in Eq.(19) into (53) and performing integration, we obtain
where τ (z) is given in Eq. (23) . Consequently the µ th takes the from µ th = 5 log (1 + z) + 5 log
Note that the observed range of the redshift z ⊂ [0.1, 0.74]. In this case, it is possible to estimate the integral in Eq.(56) by using "the method of steepest descent or stationary-phase method or saddle-point method ". Using this approach, the integral yields
with z Max < 1. Therefore, the approximated µ th takes the form we observe that a lower initial density provides a higher µ th .
From the observational point of view, we consider the corresponding χ 2 SNeIa for this data set,
where µ obs , µ th and σ µ denote the observed distance modulus, the theoretical distance modulus and the uncertainty in the distance modulus, respectively. Note that the parameters in the cosmological models are parametrized by θ. In addition, Eq.(59) can be rewritten in a more compact form as
(63) 
30.95 ± 1.46 17.55 ± 0.60 10.11 ± 0.37 8.44 ± 0.67 6.69 ± 0.33 5.45 ± 0.31 Table (II), In addition, using this data set, the χ 2 BAO is defined as
where C −1 is the inverse covariance matrix. Here X is the column vector given by 
Regarding the WiggleZ-data [31] , we obtain A = 0.474 ± 0.034, 0.442 ± 0.020 and 0.424 ± 0.021 at the redshifts z b = 0.44, 0.60 and 0.73, respectively. We compare our results with observational data.
Fortunately, the SNeIa data allows us to constrain the following observational parameters for our models. With the Hubble parameter H ∝ ρ −2 , we discover the best fit of our model summarized in Table (III) with Ω m0 = 0.25 and H 0 = 0.4 for τ 0 = 0.3 and ρ 0 = 0.5 which are in a good agreement with the observational data [32] . 
V. CONCLUSION
Nash have proposed a new theory of gravity alternative to Einstein's general theory of relativity.
The formulation allows to obtain field equations for empty space, but did not include a description of matter field. In this work, we have generalized the original Nash theory by adding the matter fields in the original action. We have specified a proper form of the field equations on more general footings for space with matter contents. We have derived the equations of motion in the flat FLRW spacetime and examined the behaviors of the solutions by invoking specific forms of the Hubble parameter.
We have also classified the physical behaviors of the solutions by employing the stability analysis.
We have checked the consistency of the model by considering cosmological parameters, e.g., the Hubble parameter H, deceleration parameter q, and Om(z) parameter. We have further used observational data from Supernovae Ia (SNeIa) and baryonic acoustic oscillations (BAO) to constrain the parameters of the model.
With the Hubble parameter H ∝ ρ −2 , we have discovered the best fit of our model with Ω m0 = 0.25
and H 0 = 0.4 for τ 0 = 0.3 and ρ 0 = 0.5. However, particular extensions of the present work are still possible. As well known, the dynamical systems analysis for analyzing the qualitative properties of cosmological models has proven to be very useful. It has been successfully used to study and to understand a number of cosmological models, e.g. the standard GR cosmology [33] and the scalartensor theories of gravity [34] .
Moreover, the cosmological dynamics of the modified f (R) gravity was extensively studied in
Refs. [35] [36] [37] by employing the dynamical system analysis in both homogeneous & isotropic universe (a.k.a. the flat FLRW model). In addition, there were some interesting investigations regarding the
